Abstract. The present study is concerned with a class of two-body contact problems in linear elasticity. The model problem is a bending problem of the beam resting unilaterally upon a Pasternak foundation. A variational formulation is given by the minimax principle of the functional, and proof of the existence of saddle points is given by the compatibility condition for applied forces and moments on the beam. It has been found that the compatibility condition for equilibrium of the beam and foundation can be achieved by arguments of coerciveness of the functional on the admissible set. An approximation and example of the problem by finite element methods and a numerical method for its solution are also introduced.
1. Introduction. The present study is concerned with a class of two-body contact problems in linear elasticity. More specifically, a bending problem for a beam which is unilaterally resting on a Pasternak foundation without support or fixed conditions is considered by the theory of convex analysis. In this paper, a mathematical theory for such a problem as well as a method for obtaining an approximate solution are introduced.
The contact problem is formulated by deflection of the beam and contact pressure. One advantage of using contact pressure is that the problem can be defined on the domain of the beam even though the foundation is infinitely long. Moreover, constraint inequalities due to unilateral contact are given by contact pressure, but not by deflection of the beam. This makes it simple to formulate the problem. However, it should be pointed out that concentrated contact forces may occur at the end points of the beam when they contact the foundation due to the characteristics of the Pasternak foundation. Indeed, since the Pasternak foundation is represented by the second-order differential equation of the deflection, the first derivative of its deflection need not be continuous, whereas the first derivative of the deflection of the beam is always continuous. If contact between the beam and the foundation occurs within the interior of the beam, the first derivative of deflection of the foundation is then forced to maintain continuity; that is, contact pressure is distributed. If, on the other hand, the beam contacts the foundation at its end points, the first derivative of the deflection of the foundation does not have to be continuous. Discontinuity imolies concentrated fnrre at the enrl nnints.
For the formulation of the contact problem which is discussed in this paper, a variational principle is introduced using the minimax principle of the functional. The functional consists of the total potential energy of the beam and the reciprocal potential energy of the foundation. Here reciprocal potential energy means total potential energy and is expressed by the force instead of the deflection.
Next, existence of a saddle point of the functional associated with the contact problem is proved. To this end, precise definitions of the admissible sets for deflections of the beam and contact pressure of the foundation are provided. The admissible set of deflection of the beam is chosen such that the total strain energy of the beam is finite. This in turn restricts the possibility of applied forces, moments, etc.; that is, the work done by any external forces and moments must be a continuous linear functional on the admissible set of deflections of the beam. The admissible set of contact pressure is chosen as a subset of the dual of the space in which the strain energy of the Pasternak foundation is finite. Because of unilateral contact, admissible contact pressures are restricted by the inequality < which is an extended relation of < in the ordinary sense to the dual space.
Thus, once the admissible sets are defined, existence of a saddle point is proved. A sufficient condition for the existence of a saddle point is obtained by arguing the coerciveness of the functional. Even though the beam is not supported or fixed, a saddle point (i.e. an equilibrium configuration of the beam and foundation) exists if applied forces and moments satisfy the compatibility condition. This condition can be obtained only through rigorous theoretical arguments.
An approximation of the saddle point problem, which represents the contact problem, is next introduced. For the beam, the first-order Hermite interpolation is taken in each finite element of the beam. For the foundation, the contact pressure is interpolated by the linear combination of the Dirac delta functions. The saddle point problem then becomes a system of equations with respect to the generalized displacement of the beam, and a system of inequalities with respect to the contact pressure of the foundation. The system of equations is treated as usual. A solution method for the system of inequalities is developed through consideration of a simple one-variable problem in which characteristics are equivalent to those associated with the present problem. The solution method introduced here is based on Uzawa's iterative method which is discussed in Ekeland and Temam [1] ,
In considering the present problem, the works of Fremond [2] and Boucher [3] were particularly relevant. Fremond solves an indentation problem between a linearly elastic body and a semi-infinite linearly elastic foundation using the theory of variational inequalities. He represents the infinite domain by the Green function which is obtained using the so-called Kelvin solution, e.g., Fung [4] . This procedure is also applied in the present study because representation of the foundation by contact pressure provides a more direct relationship between the body and the foundation. However, in this paper, the unilateral contact condition is imposed only on the pressure and not on the deformation of the beam. Contact constraint is represented by both the deformation of the body and the pressure of the foundation in Fremond [2] . Because the constraint is imposed only on the contact pressure, the present formulation can be much simpler than that of Fremond. Boucher [3] took another approach to the same problem. He defined the contact problem by deformations of both the indented body and the foundation instead of by contact pressure. He also found a sufficient condition for the existence of solutions in the indented body that has no fixed conditions. A similar procedure is adopted to find a sufficient condition in the present problem since the beam is not supported or fixed at any point.
The general mathematical background of this study is provided by Ekeland and Temam [1] and Necas [5] . The minimax principle of the functional and Uzawa's iteration method are extracted from Ekeland and Temam [1] , and consequences of function spaces, such as the Sobolev space, are found in Necas [5] , 2. A beam bending problem. Suppose that a beam resting upon a Pasternak foundation is subjected to the transverse load f(x) applied within the interior of the beam and to the axial load P applied at the end points of the beam. Suppose that the beam rests on the foundation unilaterally with no fixed boundary conditions. If some part of the beam contacts the foundation, contact pressure occurs. On the other hand, wherever the beam leaves the foundation, the contact pressure becomes zero. In this section governing equations are derived using both the deflection of the beam and the contact pressure of the foundation.
Let the beam occupy the interval (0, /) of the x-axis initially, and let it be characterized by the linear differential equation
Here EI is the stiffness of the beam, f is the net transverse load, P is the applied axial load, and the prime indicates the derivative with respect to x. If P is positive, the beam receives tension force. Let the foundation occupy the infinite region ( -oo, oo) of the x-axis. The Pasternak foundation is characterized by the linear differential equation -(jui/)' + ku = p in ( -00,00), (2.2) where n is the shear modulus, k is the spring constant, p is the net transverse load (pressure), and u is the deflection of the foundation. The Pasternak foundation is a simple model of the real foundation consisting of a membrane and continuously distributed springs. If /x = 0, the Pasternak foundation coincides with the Winker foundation. Details of such simple foundation models can be found in Keer [6] . By using material constants n and k of the Pasternak foundation, the solution of the differential equation (2.2) continuous in the whole region (0, /). However, if the end points of the beam contact the foundation, the gradient of the deflection of the Pasternak foundation is no longer continuous since the gradient of the beam deflection is not defined at the end points. This causes concentrated reacting forces at the end points of the beam, say p0 and p,. Thus, the contact pressure p consists of three components {p(x), p0, p,}; more precisely, 
On the other hand, the equilibrium equations of the beam are now represented by (EIw")" -Pw" + p=f in (0, /), (2.11)
EIw"( 0) = EIw" (I) = 0, (2.12)
The derivation of Eq. (2.11) from (2.1) is obvious since the net transverse load f(x) is equal to f(x) -p(x), where f(x) is the load applied to the beam. Since both of the end points of the beam are free, the bending moment must vanish, i.e., (2.12). The balance of shear forces at the end points of the beam is given by (2.13). Thus, the unilateral contact problem described in Fig. 1 is formulated in a pointwise manner by the set of equations and inequalities {(2.3), (2.10), (2.11), (2.12), and (2.13)}. In these representations, pointwise existence of w", (EIw")", and p is assumed a priori. These requirements are weakened by variational formulation, as shown in the next section.
3. Variational formulation. In this section, a variational formulation associated with the contact problem discussed in the previous section is introduced. The variational formulation is established by the use of saddle-point methods of convex-concave functional. To this end, the total potential energy of the Pasternak foundation due to the contact pressure is first derived. Let q(x) be an arbitrary contact pressure defined as in (2.6) such that q(x) > 0. Then the total potential energy is defined by
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where 0(x) is the extension of an arbitrary virtual deflection of the beam into the whole region ( -oo, oo) so that
The following identity follows from the fact that q(x) = 0 in ( -oo, 0) u (/, +00):
Then, using the symmetry g(x, y) = g(y, x),
For the pairing (q, v), the following identity is valid:
The potential energy of the beam is written by
where v is the extension of v, cf. (3.2). Let V be the set of all admissible deflections of the beam, and let K be the set of all admissible contact pressures of the foundation such that they are non-negative. Precise definitions of V and K will be given later. Suppose that the pair {w, p} e V x K forms a saddle point of
It will be shown that the saddle point {w, p} weakly satisfies the contact problem (2.10) through (2.13). Taking q = p + 6(s -p), 6 e (0, 1] and s > 0 in the first inequality of (3.10) yields
Dividing by 0 > 0, and passing to the limit 0 -> 0 imply that
Since the choice of q is arbitrary within non-negativeness, the inequality means that
According to (2.3) , this is the same as the inequality
Furthermore, if s = 0 and s = 2p are taken in (3.11), it can be established that
Then the relation
follows from the definition (3.5) of < •, • >. Since p(x) e K, the saddle point {w, p} satisfies
These are exactly the same as the contact conditions (2.10) discussed in the previous section.
By taking v = w ±9z in the second inequality of (3.10), dividing by 9 > 0, and passing to the limit 9 -> 0, the following equation is then deduced: 
This implies the existence of the operator G (which is called Green's operator) from H~1(R) onto H'(R) such that u = G(p). (4.13)
Thus, while n and k were assumed to be constants in Sec. 2, this is not necessary in order to develop the above theory provided (4.9) holds. It is notable that existence of solutions to the contact problem is not assured even for very small compressible axial forces, P < 0. In these cases, one of the end points must be fixed or both end points simply supported.
5. An approximation and a solution method. A brief discussion of an approximation of the Lagrangian L(v, q) (3.9) is first given, and then a solution method for the approximate saddle point problem (3.10) is introduced.
Discretization of the beam and the foundation is performed in such a manner that nodal points of the beam coincide with those of the foundation. Then on each divided element of the beam, the deflection w(x) is interpolated by the Hermite-type cubic polynomials: {Wj\: {V^dK^Wj} -{Ft}) + {Vi}T{Pi} = 0 for every {V^, (5.11) as in (3.11) and (3.12). That is, the coupled system (5.10) and (5.11) has been obtained. Moreover, the solution of (5.12) is unique. Suppose that xt > 0 and x2 > 0 are solutions of (5.12). Then
The addition of the two inequalities implies Thus, in conclusion, the solution of (5.10) can be written as
where p is an arbitrary positive number. Conversely, if the solution of (5.14) is obtained for some p > 0, it will also apply to inequality (5.10). Furthermore, the form of (5.14) suggests that the solution may be obtained by the iterative contraction procedure. Thus, the following iterative method, after Uzawa's scheme (Ekeland and Temam [1] ), is proposed to obtain the solution of In this particular example, two nodal points from the right end of the beam are assumed to contact the foundation. Taking the initial estimate {p/} of the contact pressure, which roughly satisfies condition (5.20), the deflection of the foundation is calculated at the two right end points; i.e., u] = GijPj, i= 10 and 11
Since the two right end points are assumed to contact the foundation, deflection of the beam can be specified at these points. That is, Eq. 
